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Abstract

In this paper, we present a null controllability result for a coupled sys-
tem of degenerate semilinear parabolic equations with first-order terms.
The main result is to obtain a new Carleman-type inequality for the cou-
pled system in a first step. Then, from this inequality, we prove a null
controllability result for the system of degenerate linear parabolic equa-
tions with first order terms. And with Kakutani’s fixed point theorem, we
show that the initial system is null controllable.
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1 Introduction

In this paper we are interested in null controllability properties of a degenerate semilinear
parabolic equation. We consider k& € C([0,1]), ¥ > 0 in (0,1], k(0) = 0. Let us fix 7" > 0 and a
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non-empty open subset w C (0,1). The degenerate parabolic equations that we want to analyze are
given by the following system

Yt — (k(l’)yx)x + F(xat7yayz) = h]-w in Qv

zt — (k(2)22)s + Gz, t,2,2,) =ylo  in Q, (1.1)
y(o,t) = z(0,t) = on %, '
y(2,0) = yo(x) 2(x,0) = 2zo(x) in Q.

where Q = Q x (0,T), Q = (0,1), ¥ = {0,1} x (0,T), the initial data yy, 2o are given in L?(),
h € L*(Q) is a controls, k represents the dispersion coefficient and F and G are globally Lipschitz
functions. Here, w C € is small open control set, O C (2 is an small open coupling set and 1,, and
1o denote the characteristic functions of w and O respectively.

We consider that the problem is weakly degenerate, which amounts to considering the following
conditions on the coefficient k.

ke c([0,1]) nC'((0,1]), k > 0in (0,1] and k(0) = 0,
there exists A € [0,1) such that zk'(z) < M\k(z) for all z € [0, 1]. (1.2)

Remark 1. 1 Notice that, under these assumptions, xA/k(x) is not decreasing and then, since

0<)\<1fk€L( 1).

Our aim is to give conditions on f in such a way that the system (|1.1)) is null controllable. That
is, give H a Hilbert space such that for any yg, 20 € H it exists h € L*(q) (¢ = w x (0,T)) such
that the corresponding solution to (|1.1)) satisfies

y(, T) = 2(.,T) = 0. (1.3)

Next, we need to introduce hypotheses about the functions F' and G. To do this, we consider a
function B;(x) such as

Hypotheses 1. Let F,G :[0,1] x [0,T] x R x R — R be such that
i) F(z,6:0,0) = G(z,;0,0) =0, Y(z,t) € Q.
“) F(? '787p)7G('a 'asap) € LOO(Q)? V(Svp) € R2 .

iii) F(x,t,-,-),G(x,t,-,-) are globally Lipschitz for every (z,t) € Q with Lipschitz constant inde-
pendent of (z,t).
ilU) F(’ » S, p) ( 757p)+f2( p)p fOT every (S7p) eRza where f?('a'asvp) ELOO(Q)7 fO’I’
fQ(x tvsv )
every (s,p) € R? and | 12222 5P)
y (s,p) Bz

(s,p) € R2.

< C almost everywhere (x,t) € Q, and almost everywhere

G('a B Sap) = gl(', Sy p) +92( 3 Sap)p fOT’ every (Sap) € R27 where f2('7 '787]9) € LOO(Q)’ fOT’
i g2(x, 1, 5,p)
Ba(z)

every (s,p) € R? an
(s,p) € R%.

< C almost everywhere (x,t) € Q, and almost everywhere
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In recent years, the study of the null controllability properties of degenerate parabolic equations
has been intensive. See for example [1], [14], [I0], [3] and [9]. In these papers, the authors studied
the null controllability properties of linear degenerate one-dimensional equations without first-
order terms. That is, F' is of the form F(z,t,y,y.) = b(x,t)y. In [7], the authors studied the
null controllability properties when F(x,t,y,y.) = b(z,t)y + ¢(x)y,. It should also be noted that
systems of coupled degenerate equations have been the subject of numerous studies [5, [6]. In [16],
the authors studied a degenerate coupled system with k(z) = x*. The results we present in this
paper are a generalization of those presented in [I2] but applied to a system of semilinear degenerate
coupled equations with first-order terms. To present our results, we must introduce assumptions
about the functions F' and G. To do this, we fix a function 5;(z) (i = 1,2) such that

Bi(x)

T

€ L>(0,1), fori=1,2. (1.4)

Remark 1.2. Under the conditions of the coefficient k, and using , we deduce the following
inequality

B (@
k(x)

~—

C(Bi)
k(1)

< a.e. x €Q  and fori=1,2. (1.5)

The main result of this paper is:

Theorem 1.3. For T > 0 and yg, 20 € L2(0,1), Let us assume and and assumptions
. Then, system is null controllable, that is, there exists h € L*(w x (0,T)) and for all
Yo, 20 € L*(), such that the solution pair (y, z) of the system satisfies y(x, T) = y(x,T) =0
for all x € [0,1]. Furthermore, there exists a constant C > 0 depending only on T, such that

1
| [ st < (e, + laolia)- (16)

The aim of this paper is to prove Theorem To this end, we study the system of linearized
degenerate coupled parabolic equations and, with a fixed point argument, we obtain our main result.
The rest of the paper is organized as follows. In the next, we present the workspaces, the degenerate
coupled linearized system. We conclude this section with an existence and uniqueness of solution
result for the linearized system. In Section 3, we present and study the coupled and degenerate
linear problem associated with the initial problem. We prove a new Carleman inequality for the
adjoint coupled system associated with the linear one. In Section 4, we prove our main result.

2 Preliminaries

In this section we study the null controllability of the degenerate linear equation

Ye — (k(2)ys)e + 012, t)y + Bi(x)er(w, 1)y, = hl, inQ,
2zt — (k(2)22) e + ba(x,t) 2 + Ba(x)ca(x, )2 = ylo in Q, 2.1)
y(o,t) = z(o,t) =0 on X, )

x,0) = yo(z) z(z,0) = 2o(x) in Q.
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Now, we introduce the following Sobolev spaces

H,i Q) = {ue LQ(Q); u absolute continuous in [0, 1], Vku, € L2(Q), u(0) = u(l) = 0},
HEQ) = {ue HLQ); k(z)u, € HY(Q)},

with respectively the following norms :
||UH%1;(Q) = ||u||2L2(Q) + H\/EUHEHQL%Q)v Vu € Hy(Q);
llBizy = Il oy + N0ua)elBay.  Vu € HEQ).

Consider the unbounded operator A : D(A) = HE(Q) — L*(Q) defined by Au = (k(z)uz)s,
u € D(A). Recall that the operator Au = (kug)., u € D(A) = HE(Q) € HL(Q), is a closed ,
symmetric, self-adjoint and negative operator in addition, D(A) is dense in L?(Q2) (see [T} 8, @, 10]).
Moreover, it is infinitesimal generator of a strongly continuous semi-group (see [I5} [17]). Notice
that the following existence and uniqueness results of solutions of the system is well known.
So, this permits to deduce the following result (see e.g. [8,[H]),

Theorem 2.1. Suppose that b;,c; € L*(Q), under the hypothesis , B: satisfies (L.4) for
i =1,2, h € L*(q) and yo,20 € L*(0,1), the system admits a unique solution y,z € X =
C([0,T]; L*(2)) N L*(0, T; HE(Q)) and we have :

T
sup | ((0): #(0) oy + / (@), 2Ol et < € (Ihl320) + @0, 20) ez - (2:2)

If moreover yo, 20 € D(A) then, y € X; = H*(0,T; L*(Q)) N L*(0,T; HZ(2))NC([0, T); HL(R)) and

T
[SOUZI“)] H(@/(t)»z(t)H(zH;(Q))z + /0 (||(yt(’5)»Zt(t)”%p‘(sz))z + | (kyz ) (kZI)I”%L?(Q))?) dt < Chll72(0)

+ CH(y07ZO)||%Hé(Q))2' (2.3)

It is well known that the null controllability properties of system (2.1)) can be characterized by
its adjoint system:

—wy — (k(x)wy)z + b1(z, t)w — (B1(z)er(z, )w)y, =vlp inQ,
—v; — (B(2)vg)z + ba(z, t)v — (B2(x)ca(x, t)v), =0 in Q,
w(o,t) =v(o,t) =0 on X,
w(z,T) =wr(z) v(z,T) = vp(zx) in Q.

(2.4)

3 Linear coupled system

In this section we study the null controllability of the degenerate linear equation.

3.1 Carleman inequality for a degenerate system

The main result of this subsection is the following
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Theorem 3.1. We assume that b;,c; € L*™(Q) (i = 1,2), under the hypothesis , Bi satisfies
fori=1,2, that holds true and w N O # (. For any subset w’' such that W' CC wn O,
there exists two positive constants C = C(Q,w, k, ||b; |loos ||€i |0, ) and so such that for every s > sg
and for every solution of the system , satisfy the following inequality:

2
/ (89k<w><|vx|2+|wx|2>+s393 . <|v|2+lwl2>> e* P dudt
Q

k(x)
< C/OT/M lv|?dadt. (3.1)

Note that Carleman’s Inequality (3.1) will allow us to establish the observability inequality,
which is of the form

Proposition 3.2. (Observability inequality) For any T > 0 and so > s, there exists a constant
C > 0 such that and for every solution of the system , satisfy the following inequality:

T
oot Oy + 1Ol <€ [ [ ot ) Pnat (32)
Moreover, we have

120l 22w 0,1 < C (Iyo ll2e) +lz0 [l2(e)) - (3.3)

In order to give the proof of Carleman’s inequality, we introduce some functions as follows

2 2
: For w = (a,b) let a = a;—b, B = a—g b and let p € C*(R) be such that 0 < p < 1 and
1
=1if =0if 1). Let us defi . T
p(x) ifx € (0,a) and p(z) = 0if x € (5,1). Let us define 6(¢t) CEDIL vt € (0,T),

T
1
() = </0 %dr - 02> with ¢ > 0 and ¢ > FOICESE Let U(z) = 0@ — ¢2rllollo

9 _
be where r > 0 and ¢ a function which satisfies : ¢ € C2([0,1]), ¢ > 0in Q, ¢ = 0 on 9N and
oz(x) #01in [0,1] \ wg where wp is a open set of Q such that wy CC w.

Let us define ®(z,t) = 0(t)[p(x)y(x) + (1 — p(x))¥(x)]. The existence of the function o is
proved in [13].

Remark 3.3. This shows that the observation of v on ' CC O controls both functions w and v
throughout the domain, which is the goal of Carleman’s inequality for coupled systems.

Consider the following adjoint system where Hy, H € L*(Q) and wr € L*(Q):

wy + (k(x)wy), = Ho + (B(x)H), in Q,
w =0 on X, (3.4)
w(z,T) = wr(x) in Q.

We have the following result
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Theorem 3.4. Under the hypothesis and , for all T > 0. Then, there exists two positive
constants then, there exists two constants C > 0 and sg > 0 such that for all s > sy and all solution
w of the system , satisfies

/ (0 ksl + (5077 sl ) P

l 2 31&9’7)2 2 g sO w2 | e252ds
< O(/Q(se) | Ho| +/Q(59)+ @) |H| +/0 /w( 0)'| |> dzdt. (3.5)

The proof of Theorem [3.4]is a consequence of the following result.
Consider the following adjoint system :

we + (k(x)wy), = H  in Q,
w=0 on X, (3.6)
w(z,T) = wr(x) in Q.

We have

Proposition 3.5. Under the hypothesis , and for all T >0 andl € N then, there exists
two constants C > 0 and sg > 0 such that for all s > sg and all solution w of the system (@, we
have

2
/ ST k() |w,)® + sl"’39l+3gc—|w\2 e ®dzxdt
Q k()

T
< C ( / (50)1e2°®| Hy [2ddt + / / (se)le%%ﬁdxdt). (3.7)
Q 0 w

For the proof of Proposition (3.5 see [5]
The proof of Theorem follows from using Assumption (|1.4)) and replacing in the inequality (3.7)),

Proof of Theorem [3.]]
Let w' CC wNO. Let us apply Theorem by taking [ = 0 to the two equations of the system
(2.4). By adding the two inequalities obtained, we find

2 2 3n3 z?
/q)(s@k(x)(vﬂ + |we|?) + 570 @)

35(55)2
k()

T
+ c/ / (Jof? + [w]?) 2*® dadr. (3.9)
0 w’

(Jv)* + w|2)> e?®dzdt

< C/ ((Iblw+vlol2+Ibzvl2)+(39) (l(ﬂlclw)x2+|(/32c2v)x|2)> > dxdt
Q

Thus, we have

/ (|b2v]? + |byw + v1p|*)e? Pdadt < c/ [v|?e25® 4 O/ (|w]? + |v[*10)e?*® dadt. (3.9)
Q Q Q

6
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2

/(89)3/6(36)2((Blclw)m|2625‘bdxdt < 2/(39)36(;) |(Bre1) o) |w|?e®*® dzdt
Q

Q
2
42 / (39)3%\31c1|2|wz|2623‘1’dxdt (3.10)
Q

Under the assumptions on the coefficients, we have

5 B(x)? 21, 12 2sP 35572 2 2s®
2 [ (s9) - [(B1c1)z|"|w|?e**Pdadt < C [ (s6) : |w|“e***dxdt. (3.11)
Q Q

3 8(x)?
k
inequality (3.8]). Which means that there is a constant & such that for s very large, we have

And so for s large enough, we can absorb 2/ (s0) |(Brc1)e |} |w|?e**®dzdt by by left term of
Q

2/( )3ﬂ( ©)" [(B1c1)z |2\w|2e2s‘bdxdt§5/ 3032 |w|2 2P qpdt. (3.12)
Q Q
Like |B1c1| < C and B(x)* < C?, we also have
I :2/( )35( )7 ren P[22 P dadt < c/ (50)? |w$|2625¢dxdt. (3.13)
Q
Let § > 0 be small. On [0, 4], e2*® < e™%®) What gives

§
/(89) kz 29¢>d$< <89)2 —csG(t)/ fd.T
0

2
Under the hypothesis zk’(z) < Mk(z), we have k(z) > Cz* close to 0, so % < Cx?7?* and
5
/ 227 dx < 0o because \ < 1.
0
As a result

1 :,C2
/ (80) k 2s¢d$ < 0(89)2 —cs&(t)
0

For s large, (s6)2e~*0(®)
even more decay.

2
On [6,1], k(z) > k(8) > 0, so %

22
I, < (sup(sG) e 2s® ~e_25®)/ 50 k|w,|?e**®.
x,t k Q

2
T
But Sup(89)2ﬁ€23® is finite for fixed s, and in fact for large s, the exponential decay near x = 0
@t

— 0 uniformly in t € [¢,T — €], and near t = 0,T, 6(¢t) is very large, so

< C, and (s6)? is bounded by a constant times s°.

We therefore have:

causes this supremum to tend towards 0.

As result, we can also absorb 2/ (s6 )35( 2)” |B1¢1 |} |wz |*e***dadt by left term of inequality (3
Q

7



M. Birba./ JMPAO Vol. 4 N° 2 (2025)
That is to say that it exists a constant € such that for s very large, we find
2
2/ (5002 5,1 Pl [P0 dadt < e/ (50)° |22 P v,
Q k Q k

The same arguments allow us to say that we can absorb the term as follows.

Finally, by combining inequalities (3.12)) and (3.14) we find

2
/(sH)SM|(Blclw)$|2625®dxdt SE/ 59k‘|ww\2628¢+5/ 303 |w|2 25 qadt.
Q Q Q

k

The same arguments allow us to say that we can absorb the term as follows

36( ) 25P
/Q<se> e (Bacav). e dxdtgg/Q

From the inequalities (3.15)) and -, we have

2
/ (391<:(17)(|v3,¢|2 + |we|?) + %63 x
Q

2 2y 2s®
k(:v)(|v| + |w| )> e“*¥dadt

< C/(|w|2+\v|2)dxdt
Q

Let w' CC wN O, we define and the function ¢ € C*(Q) as follows

0<(x) Vo € Q
i rew
C(z)=0 if =x2eQ\dJ

J\
—~
8

~
—
—

=

In addition it is assumed that

V¢
C1/2

A¢

€ L*(Q) and e

€ L*(Q).

Indeed, just take ¢ = ¢ where (o € C*°(Q), to satisfy the two previous conditions on ¢.

89k|’l)$|2€25¢—|—€/ 303 |v|2 25 qadt.
Q

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

T
To upper bound / (Jw|* + |v|*dzdt by C/ |v|2dadt using the function ¢ and the properties
Q 0 w’

of the adjoint system.

Multiplying by (v and by (w and integrating over @ the first and second equations of system 2, we

find

—/Qvtcv_/Q(kvz)zcv"’_/QbQ@Z_/Q(52C2U)ICUZO
—/th(:w_/Q(k(x)ww)xgw+/Qb1Cw2—/(2(51C1w)ma=/cgvlo§w.

(3.19)

The calculation and use of hypotheses of each term of system (2.4) lead to the following esti-

mates.
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Integration by parts in x.
We obtain:

/Q KC(02)? = — /Q KC,v, — /Q boC? /Q Bacalur? — /Q BrcaCuv,.

Let us right-majorize each term and choosing € small and absorbing, we obtain

T
/ ¢videdt < C / C(vy)daxdt < C / / v?dadt.
Q Q 0 w’

As a result

T
/ C(v* 4 (vg)?)dadt < C’/ / vidadt. (3.20)
Q 0 w’
We obtain

/ EC(wy)?dzdt = — / k¢ wwydrdt — / by Cw?dadt — / BrerCwdadt
Q Q Q Q

/5101waxdxdt+/vlogwdxdt.
Q Q

T
As for v, we major the terms in w, by E/kC(wz)2 + CE/ / w?dzdt, and the terms in w? by
0 w’

T
C / / w?dadt.
0 w’

T
The term / vlpCwdadt is increased by C’/ / (v? 4+ w?)dadt.
Q 0 w’
What gives

kC(w,)?dxdt < e [ kC(wy)? +C ' (v? + w?)dzdt.
J et ee [,

Hence

T
/ k¢ (w,)?dadt < C’/ / (v? + w?)dzdt.
Q 0 w’

From Poincaré’s inequality we obtain

T
/QCw2 < C/Qg(wm)dedt < C/o /w/(v2 + w?)dadt. (3.21)

Let’s use a uniqueness argument. Suppose that v =0 on w’ x (0, 7).

Then (3.20) gives / C(v? + (vz)?) = 0, so v = 0 on the support of ¢, so on a neighborhood of w’.
Q

Also (3.21) leads to / Cw? < C/ w?. But if v =0 on ', the equation of w becomes
Q w’

—wy — (kwg)y + biw — (Brcqw), =0 onw' x (0,7).
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By uniqueness of the Cauchy problem, w =0 on Q.
Thus, w=v =0 on Q.

Now consider the continuous quadratic application
T
q: L*(Q)? — RY, (wr,vr) = (w,v) — / / lv[2dadt, (3.22)
0 w’

where (w, v) is the solution of the adjoint system (2.4]).
The uniqueness argument shows that if ¢(wr,vr) = 0 implies (wp,vr) = 0. By a compactness
lemma (see e.g. [I7]), we obtain the following inequality

T
HW%wamm§CA /yﬁma

By standard energy estimation for the retrograde system, we have
/ (Jw|* + |v]?)dzdt < Cll(wr, vr)|| L2(q)2dzdt.
Q

Finally

T
/(|w|2+|v|2) gc/ / o2t (3.23)
Q 0 w’

In this section we prove our main result Theorem [I.3}
First, as consequence of Carleman inequality, we give a sketch of the proof Proposition 3.2] As a
consequence of this result, we state the null controllability of linear degenerate parabolic equations
but we do not give its prove since nowadays it is classical. See e.g. [13] 18] [I1] for classical results.
Finally we conclude the section with the non linear result.

Sketch of the proof of Proposition To prove Proposition [3.2] we proceed as in [5].
Multiplying the second equation of the system by v and integrating on (0, 1), we obtain

Qidt Qv2(x,t)dx — /Qk(x)vg(x,t)dx—/sz(x,t)v(x,t)dx

- /5Q(x)02(x,t)v(x,t)vz(x,t)dx =0
Q
Let us observe that according to ([1.5]), we have, for all z € [0, 1],

k(x) > k(1)B2(z)C(B2), for some constant C(32) > 0. (3.24)
Then,

/kj(x)vi(aj,t)dm = @ U2($,t)dl‘—/bg(.T,t)UQ(x,t)d!E

co(z,t) ;
(2k(1)C(B2)B5(x))1/2

i 2 2 lleallZ / 2
th/ﬂv (z,t)dx + ||b2||oo/ﬂv (z,t)dx + HC(5) Qv(m,t) dx

- AMﬂm%w%mW

(z,t)vg (2, t)dx

IN

+ FOCE) [ Bpdand vee D]

10
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From (3.24), we have
a4
2dt Jq

ezl

4k(1)C(B2)

0< /(k(x)—k(1)0(52)ﬁ§(m))vg(x,t)dx < v2(:c,t)dx+||b2||oo/v2(:c,t)dx
Q Q

+ /v(m,t)2dx vt € [0,T).
Q

Which gives

d lleall3
0 < = 2(z, t)dz + 2||b oo/ 2z, t)dx + / )2z Vte[0,T
dt/@v (x,t)dx [1b2]| Qv (z,t)dx SH(1)C () Qv(x )odx [0, 7]
d ||CQ||2oo /
< — 2 _ H4llco 2 i
g /Qv (z,t)dz + max (2|b2||007 SHC(5) Qv(;v,t) de Vtel[0,T]

This implies
ki [ d 2 2
0 < e (/v (x,t)dx+K/v(a:,t) da:) vt € [0,T7,

2
where K = max <2Hb2”°°’ 2/f|(|16)2g0(052)>

Hence,
4 (eKt/ vz(x,t)dx) >0 Vte[0,T].
dt o

Thus, the function ¢ — eKt/ v*(x, t)dz is increasing on [0, 7.

As result, from (3.1) give

T
/ (2,0 < CeKT / / (e, t2dzdt, Yt € [0,T]. (3.25)
Q 0 w’

Now, multiplying the first equation of the system ([2.4)) by w and integrating on (0,1). Proceeding
as before, we obtain

2
0 < wQ(x,t)dm—l—QHblHOO/wQ(x,t)dx—l—%”CliHoo/w(a:,t)de—F/w(x,t)zdm
Q Q

dt Jo (1)C(B1) Q

+ /U(a:,t)Qda: Yt €10, 7]
Q

<

dt Jo

w?(x, t)dx + max (1,2|b1|oo, M) /Qw(ac,t)de —l—/Qv(amt)zdx vt € [0,T).

This implies

d
0 < eft (/wQ(z,t)dx—FKl/w(x,t)de) —|—/U(x,t)2dx vt € [0,T],
dt Jg Q Q

11
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¢ 2
Where Kl = max <172||b1||007 M)

T
dt ( Klt/ k .’13 t dl’) S C@Klt/ / ’U(Z‘,T)|2dxd7—7 Vit S [O,T]
0 w’

Thus, for every 0 < s <t < T/2 and (3.23)), we get

Hence,

T
E(x)w?(z,s)dz < C | k(z)w?(x,t)dx + C/ / |v(z, 7)[*dedr, V¥t € [0,T/2].
Q Q 0 Jur

Integrating on [T'/4,T /2] with respect to the variable ¢, we get for all s <T/4.
Taking s large enough, we find by using the inequalities (3.1) and (3.25| - ) that

T
/ Wz, s)dz < C / lo(z, £)[2dadt. (3.26)
Q 0 w’
Combining this result with the inequality (3.26)) for s = 0 and (3.25|) we can conclude that

/ (w?(z,0) + v*(x,0)) dz < c/ ol 1) Pdrdr. (3.27)

This concludes the proof of Proposition [3:2} O
Observe that the observability inequality implies the null controllability of system

Yt — (k(x)ym)az + bl(xat)y + 51(33)01(%@% = h]-w in Qv

zt — (k(x)2g)s + ba(z,t)z + Bo(x)ca(x,t)2: = ylo  in Q, (3.28)
y(o, t) = Z(U’ t) =0 on X, '
y(z,0) = yo(z) 2(x,0) = 20(x) in Q.

In fact, by a minimization argument (see [6] 2, [1]), it can be proven that
Theorem 3.6. For T > 0 and yo, 2 € L*(0,1). Let us assume and ' Then, system
(.) is null controllable, that is, there exists h € L*(w x (0,7)) such that the solution pair (y, z)

of The system satisfies y(x,T) = z(x,T) = 0 for all x € [0,1]. And furthermore, there exists
a constant C > O depending only on T, such that

1
| [ 1Pazde < € (sl + ool )- (3.29)

4 Null controllabilityof semilinear degenerate coupled equa-
tions

This section is devoted to the proof of the main theorem (Theorem [1.3)).

12
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Let yg, 20 € H,%(O7 1). Let us assume that fi(x,t,-,-), fo(x,t,-,-), 91 (2, t, -, ), g2(x, t,-,-) € C(IR2)7
Y(z,t) € Q.

For every (g, 2) € X, we consider the linear coupled system

Yt — (k(x)yx)ac + fl(:c,t, gvgx)y + Bl(x) (M) Yo =hl, inQ,

3%(%)~
20— (k()2a)e + 01501, 5, 52)2 + B (2) 92(""”/32(;)2) f=ylo Q. (41)
y(o,t) = z(0,t) =0 on X,
y(z,0) = yo(z) 2(z,0) = z(z) in Q.
Observe that is of the form with
bi=by = file,,§,9:) € L2(Q), 1 =cy= W )
by = bs = gu(21,5,5) € IX(Q), e = s = W e 17(Q)

Using Theorem [3.6] there exist a control & € L?(w x (0,T)) such that the solution (y;, z;) of
the system withe h = h associated to the potentials bg, cg, bz and c; satisfies yj,(z,T) =
zj(x,T) = 0 for all € [0,1]. Furthermore, there exists a constant C' > 0 depending only on T,
such that

1212 < € (Jlyol22(ey + 20ll32qey ) - (4:2)
On the other hand, from Theorem we obtain that
(h22) € X = (L2(0,T: Hi(2)))*  and  ||(y5, 25) lx < Ol (o, 20) 0,2 + ollze))- (4:3)
For any (g, 2) € X, one defines the family of controls :
A5, %) = {h € L*Q) : (yn,2n) € X,yn(z,T) = 24(x,T) = 0in Q and h satisfies [1.2)}.
Thus, we can introduce the multi-valued mapping
A(5,2) e X — A(9,2) C X,
where
A(7,2) = {(yn, zn) € X, solution of (L)), satisfies and h € A(g,2)}.

We will prove that this mapping admits at least one fixed point (y, z). Notice that Kakutani’s
fixed point theorem can be applied to A thus, ensuring the existence of (at least) one fixed point of
Ain X.

First, from Theorem and the inequalities (4.2]) and (4.3]), we deduce that A(g, 2) is for every

(9, 2) a nonempty and compact set. Moreover, A(g, Z) is a closed and convex subset for any (g, 2).
Moreover, the mapping (§, Z) — A(%, Z) is upper hemicontinuous (see [4], 5] for more details).

13
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Now we assume now that fi(z,t,-,-), fa(z,t,-,-), g1(x,t,-,-), g2(x, t, -, -) belong to L>=(R?), ¥(z,t) €
Q. We introduce the functions p;(,t,,) € C>°(R?) such that p;(z,t,-,-) >0, and p;(x,t,-,-) >0
in R?, suppp;(z,t,-,-) € B(0,1) and

/ (et q,p)dgdp=1, Y(z.t)€Q andi=1,2.
RZ

We consider the functions p; ,, fi,n and g;, for i =1,2 and n > 1, with

1
pi,n(x7t7 qap) = ﬁp%(l‘ﬂfa RQ7np) V(Q7p) S RZ?
fi,n = Pin ¥ fi 9in = Pin * Gi-

Then, it is not difficult to see that f; , and g; , satisfy:

fi,n(my ta ) ')a fi,n(aj7 tv ) ')a fi,n(xa tv %y ')7 fi,n(xa t7 X ) S LOO(R2)
fin(z,t,- ) — fi(x,t,-,-)  uniformly in R?, Yz, t) € Q,
gin(z,t,-,-) — gi(x,t,-,-) uniformly in R?, V(x,t) € Q.

For each n > 1, we obtain from Theorem a control h,, € L*(w x (0,T)) such that the following
system
Ytn — (k(@)Yz,n)e + F(@, 8, Yn, Yzn) = hnle  in Q,
2t — (B(@)2g.n)e + G(x,t, 20, 22m) = Ynlo  in Q,
)

4.4
Yn(o,t) = 2p(0,t) =0 on X, (4.4)

Yn(2,0) = yo(x) 2n(z,0) = 2o(x) in €,

admits a least solution (yn,z,) € X that verifies y,(x,T) = 2z,(z,T) = 0 for all z € [0,1] and
H(ynyzn>||X < R and ||hn||L2(w><(0,T)) < R; Vn > 1.

We have that (y,,z,) € K for every n > 1, with K a compact subset of X. Therefore, we can
assume that at least for a subsequence that we are going to denote (y,,, z,) and h,, again respectively
such that (y,,z,) — (y, ) strongly in X and h,, — h weakly in L?*(Q). Passing to the limit in
, we obtain a control h € L*(w x (0,T)) such that it exists a control h € L?*(Q) such that the
corresponding solution a solution (y, z) to that satisfies (1.3)). we can assume that at least for
a subsequence
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